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Abstract

Prophet inequalities are a central tool for designing online algorithms with guarantees close
to those obtained offline by an omniscient prophet. Those results are fuelled by assuming that
the decision-maker has access to distributional knowledge of the future input. Recently, however,
this assumption has been successfully weakened for several online problems, obtaining similar
approximations with access to just a constant number of samples from the input distribution.

We investigate single-sample prophet inequalities for knapsack problems. Here, the decision-
maker chooses a set of online rewards, which must not exceed a certain total weight. For the
fractional knapsack problem, we give a 2-competitive algorithm, matching the best-possible ratio
even with full distributional knowledge.

For integral knapsack, we give a 4-competitive single-sample prophet inequality, close to the
state of the art under full distributional knowledge. We avoid the large-supply assumption oth-
erwise common in work on such selection problems with samples, establishing the first close-
to-optimal guarantees for the central class of packing problems in the single-sample regime. To
demonstrate the versatility and power of the approach, we also investigate other problem settings
and variants.

1 Introduction

1.1 Motivation
We consider a stochastic online problem where items with values and weights arrive in an online
fashion (in a potentially adversarial order), where some prior information about the items is known
from the start. The algorithm or decision-maker must, for every arriving item, immediately decide
whether to include it in its solution, or discard it forever. The algorithm’s objective is to maximize
the sum of values over items in the solution. However, it must adhere to a maximum total weight of
items, i.e., a knapsack size which cannot be exceeded.

While in absence of prior information, it is easy to see that a nontrivial approximation to the best
value in hindsight is impossible, the famous prophet inequality paradigm allows for small constant
competitive ratios. In this model, introduced first in [KS77]), it is assumed that the decision-maker
initially knows the independent distributions from which the weight and value of every online item
will be drawn. This allows for the computation of acceptance thresholds for each item that will ensure
(in expectation) that the decision-maker obtains a constant fraction of the maximum reward possible
if they knew all realizations of values and weights beforehand (i.e., for an omniscient prophet) [SC84].

While powerful in terms of enabling small competitive ratios, a serious downside of such prophet
inequalities lies in the requirement of full distributional knowledge, which can rarely be fulfilled in
practice. Bridging between this classic prophet inequality setting (practically unrealistic) and the
setting without priors (no non-trivial guarantees) has fuelled a new line of research considering much
more practical algorithms, requiring only minimal priors. This leads to our main question:
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What competitive guarantees can be achieved for online knapsack problems when only
a minimum amount of prior information, i.e., a single sample from each distribution, is

known?

Arguably, samples are the most natural way in which distributional information can occur in
practical settings (usually taking the form of collected, historical data). However, classic prophet
inequalities in general cannot be learned from samples due to the possibility of rare, high-value events.
Circumventing both this impossibility and the need to apply machine learning paradigms altogether,
single-sample prophet inequalities (SSPIs) were first introduced by [AKW14]. They have since been
studied for a range of online problems with constraints, including matchings, many matroid constraints
([CDF+22, KNR22]), XOS combinatorial allocation [DKL+24], and packing-type constraints under a
large capacity/small weights assumption [GSW25]. However, for knapsack (and related, packing-type)
problems without a small weights assumption, the development of SSPIs has lagged behind. Only very
recently, an algorithm due to [Par25] for the classic knapsack problem establishes that in principle,
achieving constant competitiveness with SSPI is possible (their algorithm is 64-competitive).

We present the first results for such settings with small constant competitive ratios, not far removed
from those achievable when assuming full knowledge of the distributions, investigating various problem
versions and settings.

1.2 Our results and techniques
Our first main result shows existence of a simple, optimal 2-competitive SSPI for the fractional knap-
sack problem. Our algorithm, which uses only a single sample, is optimal even amongst algorithms
with full knowledge of the distributions.

Algorithm 1 A 2-competitive SSPI for fractional knapsack
1: Input: Sample items with weights and values, and capacity W .
2: Compute the fractional knapsack optimum on the samples.
3: Place the selected sample weight on the interval [0,W ], filling unused capacity with density 0

items.
4: Draw U ∼ Unif[0,W ], and let ρ∗ be the density at location U .
5: When the items arrive in an online fashion, accept the maximum feasible fraction of each arriving

item which has a density larger than ρ∗.

Theorem 1. Algorithm 1 is a 2-competitive SSPI for the fractional knapsack problem. No algorithm
guarantees a competitive ratio better than 2.

The impossibility of beating 2 is well-known (even with full knowledge of the distributions), and
follows from a simple example with two items. Our result matches the competitive ratio previously
known only under full knowledge of the distributions [DFKL20], and vastly improves upon the 64-
competitive ratio of [Par25].

A major challenge in establishing this optimal (and not merely some constant) result is that
unlike the algorithms and analyses in the small weights regime [KTRV14, GSW25], we cannot rely
on concentration phenomena to argue that if we make good decisions on average using the sampled
data, then we necessarily obtain a near-optimal competitive ratio.

Our algorithm instead generalizes the algorithm of [RWW19] for the single-choice SSPI problem
(where all the items have weight 1, and the capacity of the knapsack is also 1), which sets the value
of the highest sample as a threshold, and accepts the first online item that has value more than that
threshold. Our central contribution is discovering the right way to generalize the SSPI algorithm for
the single-choice problem: other natural generalizations do not seem to work.

The algorithm starts by computing the fractional optimum on the sampled items, and fills an
imaginary knapsack with these items. It then selects a random item in this imaginary knapsack with
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probability proportional to the weight the item occupies. Finally, it uses the density of that item as
a threshold, accepting all items that arrive online with larger density.

Once we normalize the capacity of the knapsack to 1, the above procedure ensures that the proba-
bility for the threshold it sets to exceed any particular density level x is exactly equal to the expected
amount of weight the prophet accepts with density greater than x. This exact same property is also
satisfied by the algorithm for single-choice SSPI by [RWW19].

Our analysis of this algorithm is structurally similar to Ezra’s analysis of the single-choice algorithm
[Ezr26]. It proceeds via a stochastic dominance argument. We show for any x, that the items our
algorithm accepts with density more than x have an expected weight of at least half the weight of the
items the prophet accepts with density more than x.

The analysis then splits into two cases, according to whether the sampled threshold s lies above
or below x. The high-threshold case is straightforward, because all weight the algorithm accepts has
density at least s and hence at least x.

The main new idea in the analysis involves the low-threshold case, when s lies below x, and we
would like to estimate the weight of the items the algorithm accepts with density above x. The
danger is that our algorithm may spend its capacity on medium-density items with densities in (s, x],
and these items can crowd out the high-density items that matter for level x. We handle this by
applying the FKG inequality [FGK71] with a carefully chosen ordering over each item’s outcomes to
show that the residual capacity after accepting the high-density items is negatively correlated with
residual capacity from medium-density items. Combining the high- and low-threshold cases gives us
a competitive ratio of 2. Our next result is for the integral version of the problem.

Theorem 2. There is a 4-competitive SSPI for the integral knapsack problem.

This result is a corollary of Theorem 1, obtained via a standard splitting argument to move from
a fractional to an integral solution. There is only one last item that our algorithm in the fractional
setting accepts partially. We obtain our guarantee by randomizing over two possible algorithms. We
either imitate the fractional algorithm and fill the knapsack until we reach its last item, which we
reject. Or else, we pack no items at all until the last item, and choose only the said last item. Note
that this algorithm is not known to be optimal, and with full knowledge of distributions, an online
contention resolution scheme based approach is known to obtain a competitive ratio of 3.135 [JMZ22].

We also give the following lower bound proving a clear gap in the optimal competitive ratio
achievable in the fractional vs. integral knapsack problems:

Theorem 3. For every ε > 0, there is an integral knapsack instance such that every online algorithm
ALG (with or without distributional knowledge) satisfies:

E[OPT] ≥
(
5

2
− ε

)
E[ALG].

Our impossibility result in Theorem 3 is based on a two-stage instance that forces the algorithm
to trade off a guaranteed value against access to more valuable future items. A collection of small,
deterministic, identical “safe” items arrives first, followed by pairwise incompatible random “upgrade”
items of increasing weight. The instance is set up so that if the algorithm accepts m safe items (with
value m/k), the probability that any upgrade item still fits in the remaining capacity is 1−m/k. Thus,
every online algorithm obtains expected value at most 1, even with full knowledge of the distributions.
The prophet, on the other hand, selects the lightest upgrade item and fills the remaining capacity
with safe items, obtaining a value of 5

2 .
We also study some special cases where we can do better than for the integral knapsack problem.

First, suppose we have some moderately large bound on the size of the individual items:

Theorem 4. If every item’s weight is bounded by cW , there is a 2
1−c -competitive SSPI for the integral

knapsack problem.
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To establish this result, we employ the simple observation that if each items weight is at most cW ,
we can fill a 1− c fraction of our knapsack using our fractional algorithm (run with weight (1− c)W )
and still manage to take the last item the fractional algorithm accepts. Next, we have:

Theorem 5. If every item’s weight is either 1 or 2, and the capacity of the knapsack is 2, there is a
3-competitive SSPI.

The 1-2 knapsack problem arises as a special case in [ALSS22] who study the knapsack problem
in the secretary setting, and it is the first non-trivial generalization of the k-choice prophet inequality
(generalizing both the single-choice prophet inequality problem (if all wi = 2), and the two-choice
prophet inequality problem (if all wi = 1)). Our result illustrates that when the structure of possible
item sizes is simple, one can achieve competitive ratios lower than 4 without resorting to a restriction of
the largest item’s size. The algorithm randomizes between the optimal algorithms for the single-choice
and two-choice prophet inequality problems [RWW19, PS25].

Finally, we study the multiple knapsack setting where there are k identical knapsacks, and each
item must be placed in one of the knapsacks. We obtain:

Theorem 6. There is a min(4, α(k))-competitive algorithm for the k-multiple knapsack problem,
where α(k) = 2⌈1.7k+1.6⌉

k .

For medium values of k, this provides an improvement over 4 without relying on a large capacity
assumption. One way to understand our proof of Theorem 2 is that we started with a fractional
solution to the problem, packed all the items even partially accepted by our fractional algorithm into
two virtual knapsacks, and then chose one of the two at random to actually accept. Our algorithm for
the multiple knapsack problem is a more sophisticated version of this idea: we start with a fractional
solution to the problem, pack all the items even partially accepted by our fractional algorithm into
f(k) < 2k virtual knapsacks, and then choose k of them uniformly at random to actually accept. To
pack all the items fractionally accepted into f(k) knapsacks, we use the First-Fit algorithm from the
bin-packing literature.

Note that another advantage of our algorithms is that we only need to know the set of samples
to make our decisions, and not the identity of the distribution from which each sample is drawn.
Furthermore, we allow an adversary to present the online realizations in an arbitrary order, chosen
even after observing the samples.

Summarizing, we derive optimal and near-optimal SSPIs for knapsack and packing-type problems,
a class previously neglected in this literature. Our results show that the structure of such settings
allows for small constant ratios, even matching the full distributional knowledge setting for the frac-
tional knapsack problem, while overcoming the issues caused by large items without resorting to
large-capacity assumptions. See also our conclusions in section 8.

1.3 Further related work
Prophet inequalities were first considered by [Dyn63] and [KS77], and the optimal competitive ratio
of 2 for the single-choice problem is accordingly long-known. Since the first 2-competitive threshold
algorithm was derived by [SC84], prophet inequalities have developed into a rich area, with many
problem variants investigated. Here, we only consider the directions closest to this paper. For more
background, we suggest the surveys [Luc17], [CFH+19], [HK92].

Prophet Inequalities One of the most central generalizations to the classic single-choice problem,
and closely related to our settings, are matroid constraints. In [KW12], an optimal 2-competitive
prophet inequality was introduced for the setting where the algorithm can choose any independent
set of a given matroid. Their algorithm proceeds via recomputing acceptance thresholds after every
step based on conditional expectations.
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Besides considering different constraints and settings, major efforts have also gone into the develop-
ment of simpler classes of mechanisms. [CHMS10], [CGKM20], [PS26] consider non-adaptive prophet
inequalities, where prices for each arriving element are posted in advance and the item is accepted if
it meets the threshold and it is still feasible to accept; or constrained non-adaptive mechanisms where
the element must additionally meet an algorithm-determined sub-constraint.

A central concept in prophet inequalities are online contention resolution schemes (OCRS), in-
troduced by [FSZ21]. Their OCRS imply constrained non-adaptive prophet inequality mechanisms,
specifically obtaining an 11.65-competitive OCRS mechanism for a knapsack constraint. This com-
petitive ratio was later improved to 3.14 via a new OCRS by [JMZ22], which is tight within the OCRS
class of mechanisms and to the best of our knowledge, obtains the current state-of-the-art prophet
inequality for the knapsack problem.

For the special case that no single item is larger than half the knapsack, [DFKL20] gave an improved
(3+ ϵ)-competitive mechanism (with their approach yielding also a 5+ ϵ for the general problem). As
a corollary, they derive a tight 2-approximation for the fractional knapsack problem.

Single-Sample Prophet Inequalities All the results above assume full knowledge of the dis-
tributions. Recently, there is growing success in massively weakening this assumption to make the
decision-maker’s algorithm more practical. A common model is that instead of the whole distribution,
the decision-maker has access to one (or a small number of) sample(s) from each item’s distribution.
The first single sample prophet inequalities (SSPI) were introduced in [AKW14] for certain matroids
and constant degree bipartite matching. Constant ratios were subsequently also derived for various
matching problems and XOS combinatorial assignment, see [CDF+22, KNR22, DKL+24]. A large-
supply variant, as is known to circumvent problems arising from large items in various settings for
integral packing problems, was recently considered by [GSW25]. They achieve 1− ε-competitive ratio
for a general set of problems reducible to online resource allocation with large budgets.

Most relevant to our work, for the classic single-choice problem of choosing the largest online
element, a celebrated result of [RWW19] showed that the optimal SSPI achieves the same competitive
ratio of 2 as the best full-information prophet inequality. An alternative proof was given by [Ezr26].
The same ratio was later extended to also hold for the 2-item version (i.e. the algorithm can choose
any set of at most two items) by [PS25], based on the same algorithmic idea. Recently, and solving a
conjecture by [PS25], [NW26] proved a 2-competitive SSPI for any k-item prophet inequality.

For knapsack problems, to the best of our knowledge no SSPI results exist except for a new work
of [Par25], who establish that constant ratios can in principle be achieved, by giving a 64-competitive
single-sample prophet inequality under a knapsack constraint.

Other Relevant Work Online selection subject to a knapsack constraint was investigated also
in the secretary, or random-order setting. Here, the distribution of the items’ values and weights
are unknown, but the items will arrive in uniformly random order. This setting has strong ties
to SSPI for the special case that algorithms do not exploit the randomness of arrival after a so-
called sampling phase, see [AKW14, CDF+22]. Here, [BIKK07] gave a 10e ≈ 27.18-competitive
secretary algorithm, improved subsequently by [KTRV14] to 8.06. The work by [AKL21] obtains a
6.65-competitive mechanism, further improved by [ALSS22] to e-competitive for special case of 1-
2-knapsack. Finally, [KK25] improve the general secretary knapsack to 6.52-competitive, while also
obtaining an e-competitive mechanism for the fractional variant.

In non-online settings, the multiple knapsack problem was studied in [Kel99], [CK05], and a FPTAS
was introduced. Prophet inequalities for multiple knapsack were investigated in [JMZ22], obtaining
the same guarantee of 3.14 as for single knapsack via an LP rounding technique.

Note that the problem of prophet inequalities with multiple knapsack constraints is closely con-
nected with the bin packing problem. The state of the art guarantees for online bin packing are
achieved by algorithms of the Harmonic family, originally introduced by [LL85], with the most cur-
rently advanced algorithm by [BBD+17]. In our results, we make use of the First Fit algorithm class,
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specifically the work of [GGJY76]. The original first fit analysis was given by [Ull71], and the tight
analysis can be found in [DS13].

Several other notions of stochastic knapsack problems were considered. Packing integer pro-
grams, which generalize knapsack constraint to multiple linear constraints, in conjunction with size-
stochasticity and adaptivity gaps were investigated in [DGV05]. A size-stochastic knapsack combined
with OCRS techniques was considered in [YK23]. For other variations of online knapsack problem,
we point the reader to the survey of [BHK+26].

2 Preliminaries
In the SSPI knapsack problem, there are n adversarially-chosen item-distributions D1, . . .Dn. Each
Di is a distribution over value-weight pairs in R≥0 × R>0. The distributions are independent across
items, but we do not assume that the value and weight of a single item are independent of each other.
For an observation qi from Di, we let v(qi), w(qi), and ρ(qi) = v(qi)/w(qi) denote its value, weight,
and density respectively. By breaking ties with a tiny random perturbation if necessary, we will always
assume that the distribution Di are continuous.

In the single-sample model, the algorithm does not have knowledge of the distributions Di. Instead,
it has access to a single sample si ∼ Di from each item distribution. Note that we only assume that
the algorithm knows the set of samples si (and does not need to know the identity of the distribution
from which each sample is drawn).

In the online phase of the problem, realizations ri ∼ Di are drawn from the distributions. We as-
sume that the pairs si and ri are independent of each other. Before the online realizations are revealed,
an adversary may choose an arbitrary permutation π. The algorithm then observes rπ(1), . . . , rπ(n),
one-by-one in an online fashion, and must irrevocably decide, upon each arrival, whether (and poten-
tially, how much) of that item to accept.

The knapsack has capacity denoted by W , and we typically normalize this capacity, and set W = 1.
An algorithm ALG for the SSPI fractional (resp. integral) knapsack problem assigns to each realization
ri (in an online, irrevocable manner) a fraction αi ∈ [0, 1] (resp. {0, 1}), and the assignment is feasible
if
∑

i αiw(ri) ≤ W , in which case its value is ALG =
∑

i αiv(ri). A valid algorithm always makes a
feasible assignment.

The expected performance of an algorithm is Er⃗,s⃗[ALG], computed by taking an expectation over
both s⃗ and r⃗, and any internal randomness the algorithm uses. We benchmark the expected perfor-
mance of an algorithm by comparing it to the expected value obtained by a so-called prophet, an
omniscient entity who observes all of the ri at once, and chooses the best possible feasible assignment
in hindsight. We denote by FOPT (resp. OPT) the value of this offline optimum in the fractional
(resp. integral) setting. For α ≥ 1, a fractional knapsack SSPI is α-competitive if, for every choice of
item-distributions,

E[ALG] ≥ 1

α
E[FOPT],

For the integral version of the problem, the benchmark is OPT in place of FOPT. In the integral
version of the problem we will assume that the weights of all the items are at most W , since items
with weight more than W cannot be accepted by OPT either.

Finally, we consider a variant with multiple knapsacks. In the integral multiple-knapsack problem,
the decision-maker has k identical knapsacks, each of capacity W . Upon observing a realization ri, the
algorithm must irrevocably reject it or assign it to one of the k knapsacks. An assignment is feasible
if every item is assigned to at most one knapsack and, for each j ∈ [k], the total weight assigned to
knapsack j is at most W . Its value is the total value of all assigned items. The samples, online arrival
model, and prophet benchmark are as defined above, and we continue to denote the integral offline
optimum by OPT.
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3 A 2-competitive SSPI for fractional knapsack
In this section, we consider the fractional version of the SSPI knapsack problem where when an item
arrives, the decision-maker may accept any fraction of the item. We analyze algorithm 2:

Algorithm 2 A 2-competitive SSPI for fractional knapsack
1: Input: Sample items s1, s2, . . . , sn, total allowed weight W .
2: Compute the fractional knapsack optimum on the samples.
3: Place the selected sample weight on the interval [0,W ], filling unused capacity with density 0

items.
4: Draw U ∼ Unif[0,W ], and let ρ∗ be the density at location U .
5: When the items arrive in an online fashion, accept the maximum feasible fraction of each arriving

ri with ρ(ri) > ρ∗.

Our analysis is structurally similar to Ezra’s analysis of [Ezr26], although we have to take into
account the possibility of selecting multiple items. A key element to our solution is to apply a
correlation inequality to estimate the chance that picking some medium-value items stops us from
picking high-value items.

Theorem 1. Algorithm 2 is a 2-competitive SSPI for the fractional knapsack problem.

Proof. We normalize the capacity of the knapsack to 1. Formally speaking, we break ties between the
added 0 density items by adding a tiny random perturbation. Our plan is to apply the well known
‘stochastic-dominance’ strategy for establishing prophet inequalities.

The stochastic dominance idea. For a density threshold x ⩾ 0, define:

Px =
∑
i

w(ri)1{ρ(ri) > x}.

Thus, the prophet’s total selected weight with density larger than x is min{1, Px}. Let

q(x) = E [min{1, Px}] .

By the ‘layer cake representation’ for the value obtained by the prophet, letting αi denote the fraction
of item i the prophet accepts, we get:

E[FOPT] = E

[∑
i

αiw(ri)ρ(ri)

]

= E

[∫ ∞

0

∑
i

αiw(ri)1{ρ(ri) > x}dx

]

=

∫ ∞

0

E

[∑
i

αiw(ri)1{ρ(ri) > x}

]
dx

=

∫ ∞

0

q(x)dx.

Let Ax be the total weight our algorithm accepts whose density is larger than x. Again by the
layer cake representation,

E[ALG] =
∫ ∞

0

E[Ax]dx.

Thus, we see that it suffices to show that for every x > 0,

E[Ax] ≥
1

2
q(x). (1)
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Our algorithm’s threshold. The main idea our algorithm exploits is that the sample threshold is
chosen exactly so that:

Pr[ρ∗ > x] = q(x).

Indeed, the probability that the random location U falls on a sample weight of density larger than x
is exactly the amount of weight of density larger than x in the sampled fractional optimum. Since
samples and realizations have the same distribution, the claimed equality follows. Note that in the
single-choice SSPI, the usual threshold of the maximum of the samples has exactly the same property.

Now fix an x for which we wish to establish (1), and let

F (x) := Pr[ρ∗ ⩽ x] = 1− q(x) = 1− E [min{1, Px}] = E[(1− Px)
+],

be the CDF of the threshold. Imitating the single-choice setting, we condition on the algorithm’s
threshold ρ∗ being equal to s and split the analysis according to whether s lies above or below x.

The high threshold case. First suppose s ⩾ x. Then every item accepted by the algorithm has
density larger than x, so the algorithm accepts exactly min{1, Ps} total weight of density larger than
s. Therefore

E[Ax | ρ∗ = s] = q(s) = 1− F (s).

Noting that the CDF of the threshold is also F (x), and integrating over the possible thresholds s ⩾ x
gives:

E [Ax1{ρ∗ ⩾ x}] =
∫ ∞

x

(1− F (s))dF (s) =
(1− F (x))2

2
.

This result is analogous to the s ≥ x case in the single-choice setting.

The low threshold case. Now suppose the threshold the algorithm sets is s < x. Our goal will be
to show that:

E[Ax | ρ∗ = s] ≥ F (s)

F (x)
− F (s), (2)

matching the bound from the single-choice setting. Let

H = Px =
∑
i

w(ri)1{ρ(ri) > x}, M =
∑
i

w(ri)1{s < ρ(ri) ⩽ x}.

Thus H is the high-density weight and M is the medium-density weight, with respect to the two
thresholds s and x. The principal danger our algorithm faces due to setting a threshold of s is that
it accepts too much of the medium density items: these are the only items that potentially stop the
algorithm from taking the high-density items. Therefore, we conclude that,

Ax ⩾ min{H, (1−M)+} = (1−M)+ − (1−H −M)+. (3)

Define
RH = (1−H)+, RM = (1−M)+, RH+M = (1−H −M)+,

and note that F (x) = 1−q(x) = E[RH ] and F (s) = E[RH+M ]. Taking expectations in (3), we conclude
that:

E[Ax | ρ∗ = s] ≥ E[RM ]− F (s).

Thus, in view of our goal (2), it remains to show that:

E[RM ] ≥ F (s)

F (x)
=

E[RH+M ]

E[RH ]
.

Now pointwise, we know that:
RH+M ≤ RHRM ,
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because either the right hand side is 0, in which case the inequality is trivial, or the right hand side is
positive, in which case the inequality just says that 1−H−M ≤ 1−H−M+HM . Taking expectations,
we see that E[RH+M ] ≤ E[RHRM ], so it remains to show that RH and RM are negatively-correlated.

Intuitively, this is clear because having more high-density items clearly hurts the medium-density
items. To establish this formally, we use the FKG inequality. For each item i, order the possible
outcomes as follows: outcomes with ρ(ri) > x come first, ordered by decreasing w(ri), then outcomes
with ρ(ri) ≤ s; finally outcomes with s < ρ(ri) ≤ x, ordered by increasing w(ri). With respect to this
order, RH is increasing, while RM is decreasing, so we may apply the FKG inequality to these two
quantities to conclude:

E[RHRM ] ⩽ E[RH ]E[RM ].

Thus, we have achieved our goal and established that:

E[Ax | ρ∗ = s] ≥ F (s)

F (x)
− F (s) =

((1− F (x))F (s)

F (x)
.

Now integrating over the possible thresholds s < x gives:

E [Ax1{ρ∗ < x}] = 1− F (x)

F (x)

∫ x

0

F (s)dF (s) =
(1− F (x))F (x)

2
.

This is analogous to the s < x case in the single-choice setting.

Putting it all together. We conclude that:

E[Ax] = E [Ax1{ρ∗ < x}] + E [Ax1{ρ∗ ≥ x}]

=
(1− F (x))F (x)

2
+

(1− F (x))2

2

=
q(x)

2
,

as desired.

4 A 4-competitive SSPI for integral knapsack
We now use a standard reduction to turn the 2-competitive fractional algorithm into a 4-competitive
algorithm for integral knapsack.

The ‘last item’ is just the first item whose virtual fractional acceptance makes the virtual knapsack
full. If the virtual run never hits a capacity-exceeding item, then there is no last item: in the HEADS
branch we accept all virtual items, and in the TAILS branch we accept nothing.

Theorem 2. Algorithm 3 is 4-competitive SSPI for the integral knapsack problem.

Proof. Let FALG be the value obtained by the virtual fractional run inside Algorithm 3. We first
compare Algorithm 3 to the virtual fractional run. The virtual fractional run accepts some items
fully, and possibly one last item r fractionally. Let R be the set of fully accepted items before this
last item. Write α ∈ [0, 1) for the fraction of r accepted by the virtual run. Then

FALG = v(R) + α · v(r).

The HEADS branch of our algorithm obtains v(R), while the TAILS branch obtains v(r). Therefore
the expected value of our algorithm is:

1

2
E [v(R) + v(r)] ≥ 1

2
E [(v(R) + α · v(r))] = 1

2
E[FALG].
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Algorithm 3 A 4-competitive algorithm for integral knapsack SSPI
1: Input: Sample items s1, s2, . . . , sn, total allowed weight W .
2: Compute the same sample threshold ρ∗ as in Algorithm 2.
3: Toss a fair coin.
4: if HEADS then
5: Run Algorithm 2 virtually on the online items.
6: Accept every item that the virtual fractional run accepts fully before its last item.
7: If the virtual run reaches a capacity-exceeding last item that it accepts only fractionally, reject

that item and stop.
8: else
9: Run Algorithm 2 virtually on the online items, accepting nothing before the virtual fractional

run’s last item.
10: If the virtual run reaches a capacity-exceeding last item that it accepts only fractionally, accept

that item and stop.
11: end if

Using the 2-competitive guarantee for the fractional algorithm,

E[ALG] ≥ 1

2
E[FALG] ≥ 1

4
E[FOPT] ≥ 1

4
E[OPT].

Hence Algorithm 3 is 4-competitive.

5 Improved algorithms for variants

5.1 A 2
1−c

-competitive SSPI for c-bounded integral knapsack
We now give a better-than-four competitive algorithm for integral knapsack, assuming each item is
smaller than half the knapsack (i.e., w(ai) < 1/2 for all ai).

For this, recall that Algorithm 2 guarantees a competitive ratio of 2 for the fractional knapsack
problem (see Theorem 1). Recall further that our algorithm for the integral case simply stops running
Algorithm 2 once it attempts to add an item which no longer fully fits, or alternatively only seeks to
add this last item, losing an additional factor of 2.

Observe that when the weight of each item is limited to be ≤ c for fixed c ≤ 1/2, one can safely
combine both: first, we can fill at most (1 − c) weight into the knapsack, and then also select one
additional item without exceeding the total capacity of W = 1. We use this observation to design the
following algorithm:

Algorithm 4 A 2
1−c -competitive SSPI for c-bounded integral knapsack

1: Input: Sample items s1, s2, . . . , sn, capacity W = 1, and bound c < 1.
2: Run Algorithm 2 with W = 1 − c, accepting every item it accepts fully. If the run reaches a

capacity-exceeding last item that it accepts only fractionally, accept that item and stop.

Theorem 4. If no item exceeds weight c < 1, Algorithm 4 is a 2
1−c -competitive SSPI for the integral

knapsack problem.

Proof. First, we note that the procedure never exceeds the knapsack capacity and therefore produces
a feasible solution: while running Algorithm 2 with W = 1− c, we use at most (1− c) space until we
reach the last item that Algorithm 2 accept, while the last item only adds a single item (i.e., weight
≤ c) at most.
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Let FALG(1− c) be the value obtained by the run of Algorithm 2. Let R be the set of items it fully
accepts, before its last item r. Write α ∈ [0, 1) for the fraction of r accepted by the virtual run. Then

ALG = v(R) + v(r) ≥ v(R) + αv(r) = FALG(1− c).

As shown in Theorem 1, FALG(1 − c) is a 2-competitive algorithm with respect to the fractional
offline optimum on a knapsack of capacity (1− c). Therefore,

E[FALG(1− c)] ≥ 1

2
E[FOPT(1− c).]

Now note that E[FOPT(1− c)] ≥ (1 − c)E[FOPT]. This inequality holds because the fractional
optimum with 1 − c total weight is obtained by simply ordering items by decreasing density, and
taking the first (1− c) weight. Any fractional solution on a larger knapsack will only deviate at some
point to take some lower density than the fractional optimum on a lower capacity knapsack.

We conclude that:

E[ALG] ≥ E[FALG(1− c)] ≥ 1

2
E[FOPT(1− c)] ≥ 1− c

2
E[OPT].

Hence Algorithm 4 is 2
1−c -competitive.

As is easily seen, Theorem 4 offers competitive ratio better than 4 if no single item fills up half
the knapsack. For example, when the largest item has weight 1/3, this yields competitive ratio 3,
which for even smaller items quickly moves towards the ratio of 2 obtained by our Theorem 1 for the
fractional case.

5.2 A 3-competitive SSPI for 1-2 integral knapsack
Consider now a 1-2 knapsack problem. The 1-2 knapsack is a special case of the knapsack SSPI,
with the additional restriction that each item’s weight is either 1 or 2, and the total allowed weight
is W = 2. To design our algorithm, we use the algorithms from [RWW19] for k = 1, and [PS25] for
k = 2 item selections, which both guarantee a competitive ratio of 2.

Algorithm 5 A 3-competitive SSPI for 1-2 integral knapsack
1: Input: Sample items s1, s2, . . ., sn., total allowed weight W = 2
2: Toss a coin with Pr[HEADS] = 2/3, Pr[TAILS] = 1/3
3: if HEADS then
4: Run a single-choice SSPI algorithm ignoring weights, i.e.,:
5: T ← maxi∈[n] v(si)
6: Accept the first i with v(ri) ⩾ T and stop.
7: else
8: Discard heavy items with wi = 2, and run a 2-choice SSPI algorithm, i.e.,:
9: T ← secondmaxi∈[n],w(si)=1v(si)

10: Accept at most two items s.t. w(ri) = 1, v(ri) ⩾ T .
11: end if

Theorem 5. Algorithm 5 is a 3-competitive SSPI for the 1-2 knapsack problem.

Proof. Let E1 be the event that OPT consists of one item, and E2 the event that OPT consists of two
items. Observe that:

E[OPT] = E[vj1{E1}] + E[(vi1 + vi2)1{E2}],
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where vj is the largest realized value, vi1 is the largest realized value with weight 1, and vi2 is the
second largest realized with weight 1 (by abuse of notation we let vi1 = 0 or vi2 = 0 if no such values
exist).

Now observe E[ALG | HEADS] ⩾ 1
2E[vj ], because we use a two-competitive one-item SSPI. Then,

E[ALG | HEADS] ⩾ 1

2
E[vj ] ≥

1

2
E[vj1{E1}] +

1

2
E[vi11{E2}].

Similarly,

E[ALG | TAILS] ⩾ 1

2
E[vi1 + vi2 ] ⩾

1

2
E[(vi1 + vi2)1{E2}].

Summing these expressions together:

E[ALG] =
2

3
E[ALG | HEADS] + 1

3
E[ALG | TAILS]

≥ 1

3
E[vj1{E1}] +

1

3
E[vi11{E2}] +

1

6
E[(vi1 + vi2)1{E2}]

≥ 1

3
E[vj1{E1}] +

1

3
E[(vi1 + vi2)1{E2}]

=
1

3
E[OPT]

as desired.

6 A 5/2-lower bound for integral knapsack
In this section, we provide a simple impossibility result for the integral knapsack prophet inequal-
ity problem. This impossibility result also holds when the online algorithm knows all the items’
distributions. Throughout this section, we fix the capacity of the knapsack at W = 1.

Theorem 3. For every ε > 0, there is an integral knapsack instance such that every online algorithm
ALG (potentially with distributional knowledge) satisfies:

E[OPT] ≥
(
5

2
− ε

)
E[ALG].

Proof. Fix a (large) integer k. The hard instance has 2k items. First, there are k deterministic ‘safe’
items a1, . . . , ak, each with

w(ai) =
1

2k
, v(ai) =

1

k
.

Thus, all safe items together have total weight 1/2 and total value 1. After the safe items, there are
k random ‘upgrade’ items b1, . . . , bk. For j = 1, . . . , k − 1,

w(bj) =
1

2
+

j

2k
, v(bj) =

{
1, with probability 1

k−j+1 .

0, otherwise.

Finally, the last item has

w(bk) = 1, v(bk) =

{
k, with probability 1

k .

0, otherwise.

We start by showing that every online algorithm has expected value at most 1. Suppose the online
algorithm accepts m of the safe items, for some m ∈ {0, 1, . . . , k}. If m = 0, the algorithm can accept
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any of the upgrade items. If it chooses to accept before the last item, it gets value 1, and if it waits
until the last item, it still gets value 1.

Now suppose instead that m ≥ 1 and the algorithm accepts at least one of the safe items, accu-
mulating a value of m

k . Then, the algorithm cannot accept the last item, and in fact, the algorithm
can accept at most one of b1, b2, . . . , bk−m. Therefore, the value the algorithm can obtain from the
upgrade items is at most the probability that one of the b1, . . . , bk−m is active:

Pr[one of b1, . . . , bk−m is active] = 1−
k−m∏
j=1

(
1− 1

k − j + 1

)
= 1− m

k
.

Thus, the total value the algorithm can obtain is once again at most 1.
Next, we calculate the expected value of the prophet. If bk is active (with probability 1

k ), the
prophet takes bk alone and obtains a value of k. Since k is large, this is better than accepting any of
the safe items or one of the other upgrade items.

Else conditioning on bk being inactive, but one of the other upgrade items being active, the prophet
accepts the active upgrade item with the smallest weight, and fills the rest of their knapsack with the
safe items. The probability that bi is the first upgrade item that is active is

1

k − i+ 1

i−1∏
j=1

(
1− 1

k − j + 1

)
=

1

k
.

Finally, if none of the upgrade items are active, the prophet accepts all the safe items and obtains
value 1. We conclude that the expected value obtained by the prophet is:

E[OPT] =
1

k
· k +

(
1− 1

k

)( k∑
i=1

1

k

(
1 +

k − i

k

))

= 1 +

(
1− 1

k

)(
2−

k∑
i=1

i

k2

)

= 1 +

(
1− 1

k

)(
2− k + 1

2k

)
.

Taking k →∞ we see that E[OPT] goes to 5
2 , as needed.

7 Integral multiple knapsack
In this section, we consider the problem of integral multiple knapsack, as defined in the preliminaries.,
i.e., we assume that the decision-maker has at their disposal k identical knapsacks, each of total
capacity 1. We show that if the number k of knapsacks is moderately large, we achieve an improvement
in competitive ratio compared to the single knapsack setting.

Theorem 6. There is a min(4, α(k))-competitive algorithm for the k- multiple knapsack problem,
where α(k) = 2⌈1.7k+1.6⌉

k .

The rest of this section is dedicated to proving theorem 6. We start by noting that there is a
4-competitive SSPI for integral multiple knapsack, quite similar to our 4-competitive SSPI for integral
knapsack. First, we pack a virtual knapsack of capacity k by running Algorithm 2, and place all
(possibly fractionally) accepted items consecutively in the interval [0, k], rounding up one item if
necessary. Divide the interval into k unit-sized intervals. Then, each of the items in a single interval
can be packed (integrally) into two knapsacks of capacity 1 (with items crossing intervals assigned to
the knapsacks associated with the interval on their left).
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This constructs, in a deterministic and online way, 2k virtual knapsacks of expected total value at
least 1

2E[OPT]. Before the online phase of the algorithm, choose a uniformly random k-sized subset
of the 2k knapsacks, and use only the chosen knapsacks as actual knapsacks to be accepted. Each
virtual knapsack is chosen with probability 1/2. Therefore:

E[ALG] ≥ 1

2
E[FALG] ≥ 1

4
E[FOPT] ≥ 1

4
E[OPT].

Now, we present algorithm 6, which generalizes the procedure we have just discussed, using ideas
from bin packing. The algorithm designer needs to specify three parameters: a function w′ ≥ w that
takes in an item’s value and weight, and returns an adjusted weight, a restriction C on how much
adjusted weight a fractional knapsack subroutine is going to accept, and f(k), a function determining
how many knapsacks are used for virtual (as opposed to actual) packing. The 4-competitive algorithm
we discussed used C = k, w′ = w, and f(k) = 2k.

The algorithm processes each item in two stages. First, it decides whether to accept the item
into a virtual knapsack (in a ‘fractional knapsack’ stage) in which case we will say the item has been
admitted, and second decides where to pack it (in a ‘bin assignment’ stage). Only a random subset
of k of the virtual knapsack are actually accepted. We require that f(k), w′, and C are selected so
that the ‘bin assignment’ stage of the algorithm always succeeds (this means that f(k) is sufficiently
large that the first-fit bin packing we apply uses at most f(k) bins), and we will choose them later so
that this is the case. For now, we will assume the stage succeeds.

Algorithm 6 A k-knapsack SSPI algorithm
1: Input: Sampled items s1, s2, . . ., sn, the number of knapsacks k.
2: Parameters: limit on admitted items’ adjusted weight C, adjusted weight function w′, f(k)

number of virtual knapsacks.
3: Run fractional knapsack algorithm on adjusted weights (rounding last item up) fol-

lowed by bin assignment using First-Fit bin packing:
4: Let B1, B2, . . . , Bf(k) be virtual knapsacks of capacity 1.
5: S ← random k-sized subset of [f(k)] of actual knapsacks.
6: Define ρ′(x) = v(x)/w′(x)
7: ρ∗ ← threshold computed by fractional knapsack algorithm assuming values v, weights w′, and

capacity C.
8: a← 0 ▷ Weight of all virtually accepted items.
9: for i ∈ [n] do

10: if ρ′(ri) > ρ∗ and a < C then
11: a← a+ w′(ri) ▷ Item is admitted.
12: j ← smallest index such that w(Bj) + w(ri) ⩽ 1.
13: ▷ f(k), w′, and C chosen so that such a j exists.
14: Bj ← Bj ∪ {ri}
15: Accept item if j ∈ S
16: end if
17: end for

Let I be the set of items admitted, or accepted into some virtual knapsack. For a fixed realization,
let

IP = max

{
n∑

i=1

v(ri)xi : x ∈ {0, 1}n,
n∑

i=1

w′(ri)xi ≤ C

}
,

be the integral offline optimum if items had adjusted weights w′ and the capacity of the knapsack was
C. We have the following lemma:

Lemma 1. E[ALG] ⩾ E[IP]
2(f(k)/k) .
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Proof. Note first of all that the expected total value of admitted items is at least half the value of
E[IP], because the underlying fractional knapsack algorithm is 2-competitive. Then,

E[ALG] =
k

f(k)

f(k)∑
t=1

E[v(Bt)] =
k

f(k)
E[v(I)] ⩾

E[IP]
2f(k)/k

Note that if W ′ is an upper bound on the w′ function, then w′(I) ⩽ C +W ′, since at most one
item is accepted into a virtual knapsack beyond its capacity C.

7.1 A 3.5 + 7.5
k
-competitive SSPI for multiple knapsack

To illustrate the main idea about how we control the number of virtual knapsacks used by First-Fit,
we first present a simplified analysis which guarantees a competitive ratio of α(k) = 3.5 + 7.5/k.
The proof we present here follows a well-known, classic first-fit bin-packing analysis. We choose the
following parameters:

C =
7k

6
, W ′ =

7

6
, f(k) =

⌊
15 + 7k

4

⌋
, w′(x) = w(x) + bonus(x), bonus(x) =

1

6
1

{
w(x) >

1

2

}
First, we note that:

Lemma 2. IP ⩾ OPT.

Proof. Consider an optimal assignment OPT of items to knapsacks. Due to integrality, each knapsack
contains at most one item of weight > 1/2. Thus, the adjusted weight w′ in every knapsack is at most
7
6 . Thus, OPT is a feasible solution to the integer program defined above.

Lemma 3. With the exception of possibly two virtual knapsacks Bi, every non-empty Bi satisfies
w′(Bi) >

2
3 .

Proof. First, note that with the exception of possibly one virtual knapsack, every Bi satisfies w(Bi) >
1
2 . Indeed, if there were Bi and Bi′ such that i < i′, and w(Bi) ⩽ 1

2 , w(Bi′) ⩽ 1
2 , then we made an

error while assigning items in Bi′ , because we could put them in the earlier virtual knapsack Bi.
Now consider every other virtual knapsack Bj with w(Bj) > 1

2 . If Bj contains a single item,
w(Bj) >

1
2 implies that w′(Bj) >

2
3 . So suppose by way of contradiction that there are two virtual

knapsacks with Bj and Bj′ such that j < j′, and 2
3 ≥ w(Bj) >

1
2 , and each has at least two items.

Since Bj′ contains two items or more, at least one of those items is at most w(Bj′ )

2 ⩽ 1
3 weight.

This item should have been assigned to Bj instead of Bj′ .

Lemma 4. The first-fit bin assignment step of our algorithm always succeeds, and with the choice of
parameters we defined, Algorithm 6 is α(k) := 3.5 + 7.5

k -competitive.

Proof. The total weight w′ of items accepted is at most C +W ′ = 7/6 · (k+ 1). Thus, the number of
virtual knapsacks actually used is at most 2 + ⌊ 7/6·(k+1)

2/3 ⌋ = ⌊15/4 + 7/4 · k⌋ = f(k), as needed. The
competitive ratio follows immediately from lemma 1, and the value of f(k).

7.2 An improved SSPI for multiple knapsack
In this section, we present a choice of parameters for which Algorithm 6 obtains a competitive ratio
of α(k) = 2⌈1.7k+1.6⌉

k . This analysis follows the same design principle as the previous section, but the
details are more complex. We use the bin packing strategy from [GGJY76]. Let:

C = 1.7k, W ′ = 1.6, f(k) = ⌈1.7k + 1.6⌉, w′(x) = 1.2w(x) + bonus(x),
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where

bonus(x) =


0 if w(x) ⩽ 1/6
3
5 (w(x)−

1
6 ) if w(x) ∈ ( 16 ,

1
3 )

0.1 if w(x) ∈ [ 13 ,
1
2 ]

0.4 if w(x) > 1
2

Lemma 5. The first-fit bin assignment step of our algorithm always succeeds, and with the choice of
parameters we defined, Algorithm 6 is α(k) := 2⌈1.7k+1.6⌉

k -competitive.

Proof. First, we observe that IP ⩾ OPT. Indeed, consider an optimal assignment of items to knapsacks.
Lemma 1 in [GGJY76] shows that the adjusted weights in each knapsack is at most 1.7, so OPT is
a feasible solution to the integer program. Lemma 5 in [GGJY76] shows that if t is the large index
used by the bin assignment step in our algorithm, and I is the set of admitted items, then:

w′(I) > t− 1 +

t∑
i=1

max(0, w′(Bi)− 1).

This establishes a bound on the total number of virtual knapsacks required as t < w′(I)+1 ⩽ 1.7k+2.6,
or t ⩽ ⌈1.7k+2.6⌉− 1 = ⌈1.7k+1.6⌉ = f(k). The result then follows immediately from lemma 1.

This completes proof of theorem 6. We note that other choices of parameters are possible in our
algorithm, using for instance online bin packing algorithms from the Harmonic family [LL85].

8 Conclusion
We broaden the reach of single-sample prophet inequalities to knapsack and packing problems, ob-
taining tight and close-to-optimal competitive guarantees. Our results notably include a tight, 2-
competitive algorithm for online fractional knapsack, a result that mirrors the celebrated result of
[RWW19]: for fractional knapsack, just as for the classic single-choice problem, the optimal com-
petitive ratio of 2 achievable with full distributional information can equally be obtained when prior
knowledge is restricted to just a single sample.

For integral knapsack, our single-sample guarantee of 4 is only slightly worse than the state of the
art with full distribution knowledge guarantee of 3.135 in [JMZ22], motivating the question of whether
there actually exists a gap between the optimal competitive guarantees in the integral case.

As is common in knapsack settings, the loss in approximation when moving to the integral setting
is very clearly, as our lower bound demonstrates, necessary and correlated with the existence of large
items. Finally, we were able to also derive constant-factor SSPI for other packing type problems with
richer structure, further outlining the power of the paradigm for such settings and motivating further
study to investigate other variants.

Our guarantees are obtained via simple, mostly threshold-based policies, and hold without the
assumption of large capacity commonly made in other work on online selection or packing problems
with samples. The encouraging results of this work make it conceivable that just like in matching,
combinatorial allocation and various matroid settings, most prophet inequalities for packing problems
can be replaced by much more lightweight single-sample variants without much loss, considerably
improving the algorithms’ practical implementability.
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